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Abstract 

A flexible unified framework for both classical and quantum Schubert 
calculus is proposed. It is based on a natural combinatorial approach 
relying on the Hasse- Schmidt extension of a certain family of pairwise 
commuting endomorphisms of an infinite free Z-module M to its exterior 
algebra f\ M. 

1 Introduction 
1.1 The Goal 

Let V be an n-dimcnsional vectorspace over an algebraically closed field k and 
let G :— Gk(V) be the grassmannian variety parametrizing fc-dimensional sub- 
spaces of it. The main goal of this paper is to provide a flexible unified frame- 
work for both classical and quantum Schubert calculus via a new combinatorial 
approach based on elementary considerations of linear algebra. 

To give the flavour of the results, our favourite example is that of an in- 
finite Z-module M, freely spanned by (e 1 , e 2 , e 3 , . . .), equipped with the shift 
endomorphism D\ : M — ► M, defined on generators by -Di(e I ) = e l+1 . If one 
extends it to f\ 2 M, by imposing Leibniz's rule with respect to A, one has, for 
instance: 

Dx{e 2 A e 4 ) = D^ 2 A f 4 + e 2 A D x e 4 = 1 ■ e 3 A e 4 + 1 • e 2 A e 5 . (1) 

In spite of computational simplicity, the coefficients occurring on the right 
hand side of equality have a remarkable geometrical meaning. In fact, let 
(Pi, P2, £1, £2, £3) be a sufficiently general configuration of two points and three 
lines in P (e.g. the ^'s and the line through Pi and P2 are pairwise skews): 
then the 1 multiplying e 3 A e 4 is the degree of the intersection of the Schubert 
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variety Wi(Pi), closure in Gi(P c ) of all the lines of P c passing through P\, and 
of the Schubert variety W( 2 , i){P2, £2), closure of all the lines of P meeting 
i\ and £2 and passing through P3; furthermore, the 1 multiplying e 2 A e 5 is the 
number of degree 1 rational maps / : P^ — > Gi(P c ), such that /(0) G W"i(Pi), 

/(I) S F M (ft,<i,/j) and /(oo) = [4] G Gr(Pc). 

The reason why is so, as will be explained in the paper, is that the fc-th 
exterior power of a free Z-module M n of rank n is a free principal module over 
the Chow intersection ring A*(G) of G, the latter operating on the former as a 
ring of differential operators. A similar statement holds for /\ fc M®z Z[q] (q an 
indeterminate over Z), which turns out to be a principal free module over the 
small quantum intersection ring QA* (G) of G. Although these facts are rather 
elementary (or perhaps for this reason), they seem to have been at least ignored 
in the literature, if not unknown. By contrast, we contend that they summarize 
the essential algebraic content of Schubert calculus for grassmannians, in its 
classical and quantum formulation. 

1.2 The Algebra of . . . 

Following Lang (|14|. p. 556 ) an A-module M is said to be principal, generated 
by 7710 G M, if the natural map E mo : A — ► M, sending a G A onto arriQ, 
is an epimorphism. Any principal ^4-module inherits therefore a structure of 
commutative ring induced by the isomorphism II : A/ ker E mo — ► M, by setting 
mi*m2 = n(II (mi)-II (ma))- The inspiring idea consists in interpreting the 
isomorphism II as if it were Poincare duality between homology and cohomology 
of some smooth algebraic variety. 

Within this philosophy, the main actor of our story is a Z-module M = 
(§) i>1 Ze l together with a Z-module homomorphism 

Dt = 5^At*:Af — »M[[t]], 

i>0 

where each Di G Endz(M) is defined on generators by Djf 3 = e l+J '. Clearly 
Di = D\ and it is easy to show that there is a Z-module isomorphism 
E e i : Z[D X ] — > M, given by P(Di) i-> P{D x )e x . One says that the data 
(M, D t ) is an intersection pair and that A*(M, D t ) :— Z[Z?x], is its intersection 
ring. 

Next, and this is the key point, one proceed to extend such a D t to the exte- 
rior algebra /\M of M, by making it into a H as se- Schmidt derivation (Cf. 
p. 208, or the original paper 9 , for commutative algebras). In other words, 
one requires that D t (a A (3) — D t {a) A D t {[3), for all a,(3(z f\M. Such an 
extension of Dt will be called Schubert derivation on f\ M: derivation because 
the components Di of Dt behave as i-th derivatives do: 

Di(aA(3)= Yl D n aAD l2 (3, (2) 

h +i2=i 
i 1 ,i 2 > 
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and Schubert, because Leibniz's rule © implies Fieri 's formula of both clas- 
sical and quantum Schubert calculus - see below. Therefore f\ M turns out 
to be a module over U\D\ := U\D\, D2, ■ ■ ■], the commutative Z-subalgebra 
of Endz{/\ k M) generated by the A's. The key point is that (/\ M, D t ) is 
an intersection pair, too, i.e. /\ M is a principal Z[Z?]-module generated by 
e 1 A . . . A e fc . This is a consequence of 

Theorem 13.11 Giambelli's formula holds: 

e 1+ri A ... A t k+r " = A (rfc ... ri) (D) • e 1 A . . . A e k , 



wher 



A {rk ... ri) (D) = 



Giambelli's determinant. 



D ri 
D ri -i 



Ai-feH 



A-2+1 

Dm 



k+2 



A fc +fe-l 
D rk +k-2 

D r ,. 



One then proves that the intersection ring A*(/\ k M, D t ) = 1t[D]/ ker(E e i A Ae k) 
of the pair (/\ M,D t ) is isomorphic fProposition I3.9|l to the polynomial ring 
U\D\, . . . ,Dk], since, for each h > k, admits an explicit polynomial expres- 
sion D h = D h (Di, D k ) of Di, . . . , Ac only. 

Once one is given of such a general framework, it is natural to look at 
finite rank situations: two more intersection pairs can in fact be costructed 
out of {/\ k M, D t ). They will be denoted (/\ k M n ,D t ) and {f\ k M[D n ],D t ) 
respectively, where M n := M/D n M and M[D n ] is M itself thought of as a 
Z[Z?„]-module. 

That /\ k M n is a principal U\D\, . . . , Dk]— module generated by e 1 A ... A 
e fc is a consequence of the isomorphism E e i A Ae k : 7L\D\, . . . , Ac] ■ 



f\ k M 



composed with the canonical projection /\ M — > /\ M n . More precisely: 
Proposition IXT1 The intersection ring of (/\ M n ,D t ) is: 



A*(/\M n 



D t 



7L{D X 
{D n - 



,A 



k+l, ■ 



, A 



(3) 



A few words about the proof. To check that, for each i > 0, the polynomial 
Dn-k+i belongs to the ideal of relations is an easy matter: on one hand /\ k M n 
is isomorphic to the quotient of /\ M by the ideal f\ k l M A D n M (generated 
by all fc-vectors e 11 A ... A e lk such that i k > n) and, on the other hand: 

Z)„-fc+ l e 1 A . . . A e k = e 1 A ... A e^ 1 A e n+l = 

fc-1 

= e 1 A... Ae^ 1 A D n e l G f\ MhD n M. 

To show that, indeed, (Ai-fc+i, • • • > Ai) is a complete set of relations, one 
exploits instead the very shape of Giambelli's determinant fProp. l3".l()(l . 
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As for M[D n ], it is a free Z[Z? n ]-module of rank n generated by (e , . . . , e n ) 
and (/\ M[D n ], D t ) is a Z[D„]-intersection pair, too. In fact f\ M[D n ] is a 
principal Z[£)„] [Di, . . . , DfcJ-module generated by e 1 A. . .Ae fc and its intersection 
ring is isomorphic to: 

Z[D n ][D 1 ,...,D k ] 
(D n -k+i, ■ ■ ■ , D n -i) 

The latter can also be written via renaming D n by an auxiliary indeterminate 
q over Z, getting: 

X(AM„ [? ],A) :- §M£l^!l _ ZMIA.--^ 

/v (D n _ fc+1 ,...,D n _i) (Aj-fe+i, • • • , D n -i,D n - q) 

(5) 

where M„[g] = M[D„]/(£)„ — q) = M n <8>z Z[g]. Up to a few changes, similar 
arguments used in the "classical" case, show that (D n —k+it ■■•> Ai-i) is indeed 
a complete set of relations for the presentation (0J of A*(/\ k M [D n ], D t ). 



1.3 . . . Schubert Calculus 

Expressions |J3J and |J5J, up to renaming Di and changing q by (— l) fe_1 <ji, 
are exactly the expressions of A*(G) and Q^4*(G) respectively (Corollaries 14. II 
and l4.2f> . However, the relationship of the above algebraic model with Schubert 
calculus is not purely formal. As a matter of fact the fc-vectors {e* 1 A ... A 
e lfc }i<ii<...<i fc <n corresponds to Schubert cycles. More precisely, recall that the 
Chow group A*(G) is freely generated over the integers by the classes modulo 
rational equivalence of Schubert varieties (0, p. 27 and the references therein). 
These are parametrized by partitions of lenght < k and weight < k(n — k), i.e. 
by non increasing sequences of k nonnegative integers A = (Ai > ... > Afe), 
such that < |A| = Ai + . . . + \ k < k(n-k). The Schubert variety W\(£) is 
the closure of the locus of fc-planes verifying certain incidence conditions with 
respect to a given flag 

£ := spanjei, e 2 , . . . , e„} D span{e 2 , . . . , e„} D . . . D span{e n } D span{0}, 

(6) 

prescribed by the partition X itself. Let a\ € A*(G) be the Schubert (co-)cycle 
such that a\ (~l [G] = W\. The intersection ring A*(G) (resp. the quantum 
intersection ring QA*(G)) of the grassmannian is generated over the integers 
(resp. over by the special Schubert cycles cr,; := cr/ i0 m and is isomorphic 

to the ring (resp. to the ring (J3J) via cr^ i— > Di (resp. ai i— ► Di and 
q i ^ (-l) fe_1 g), so proving what announced: the groups A M n and A M n [q] 
are principal modules over A* (G) and Q A* (G) respectively, with these operating 
as rings of derivations. However, the bridge with Schubert calculus is due to the 
very geometrical interpretation of the fc-vectors e 11 A ... A e lk , shortly described 
below. 

Let (ei, . . . , e„) be an adapted basis of a complete flag £ of subspaces of V 
as in © and let (e 1 , . . . , e n ) be the dual basis. Let M n be the integral lattice 
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generated by the (e J ). There is then a canonical isomorphism 

k 

[ ] : y\M n — ► A*(G) 

associating to each e 11 A ... A e 1 * a set of equations defining scheme theoretically 
the Schubert variety W\, with A = (ik — k, . . . ,ii — 1). Therefore A*(G) (resp. 
QA*{G)) comes equipped with two structures of A*(G)-module (resp. QA*(G)- 
module): the former induced by the (cap-)intersection product H, the latter 
gotten by setting, for each P(D) E -4*(A fe M n , D t ) A*(G): 

P(D) ■ Wx = [P{D)e 11 A ... A e lk ]. 

One is then finally left with showing that the two module structures coincide, 
proving that the algebra of Schubert derivations on /\ k M n (resp. /\ k M n [q]) is 
indeed Schubert calculus (resp. quantum Schubert calculus). Clearly the proof 
amounts to show that: 

a h n [e 11 A ... A e l «] = D h [^ A ... A e l »] = [D h (e^ A... Ae'*)], (7) 

because any o~\ is a polynomial expressions in the special Schubert cycles. 

Left hand side of formula Q can be computed via Pieri's formula for Schu- 
bert calculus. Therefore, proving equality JjJ is equivalent to prove a Pieri's 
formula for Schubert derivations. It is a consequence of an elementary combina- 
torial observation: when computing £>/j(e 11 A. . .Ae lh ), cancelations of summands 
may occur, due to the Z2-symmetry of /\ M. Pieri's formula for 5-derivations, 
instead, compute -D/j(e l1 A . . . A e lfe ) by listing the surviving summands only. 
This makes possible the formal proof that, indeed: 

o~h n W\ — D}^ 1 A ... A e ik ], 

where A = (ik — k, . . . , i\ — 1), concluding the argument. The same can be 
argued with very slight modifications in the case of quantum Schubert calculus, 
where Bcrtram-Picri's formula simply translates in computing a derivative of a 
fc-vector e* 1 A ... A e lk £ /\ k M and replacing e nj+i (1 < i < n) with (-l) k - 1 q j e i 
in any summand of the output. 

1.4 

The paper is organized as follows. Section [21 is devoted to preliminaries and 
notation, including a quick review of (quantum) Schubert calculus. Sect. is 
the core of the paper: the canonical intersection pair is studied, together with its 
Hasse-Schmidt extension. Sect. 0] studies the intersection pair (M n ,D t ) and its 
quantum deformation (M n [q],D t ) while Sect. formally establishes the already 
evident bridge between Schubert derivations and Schubert calculus. The paper 
is concluded with a couple of examples showing the application of the methods. 

Acknowledgment. The author is grateful to Prof. Dan Laksov for his 
friendly support and for many precious advises and criticism, which substan- 
tially improved the shape of the paper. 
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2 Preliminaries and Notation 



2.1 Partitions 

In this paper we shall deal with partitions, denoted by underlined small greek 
letters (A, fi, v_,. . . ), and with finite increasing sequences of positive integers, 
denoted by capital roman letters (/, J, K ,. . . ), and shortly named symbols. A 
partition A is a sequence of non negative integers (Ai > ... > A^ > . . .) such 
that all but finitely many terms are equal to 0. The lenght of a partition is 
£(A) = (t{i : Ai ^ 0}, its weight is |A| = \- Let V be the set of all partitions. 
The following notation shall be used: 

V h = {A G V : |A| = h} (h > 0); C k = {XeP: l(X) < k}. 

If A G C<k, set ri(X) = Xk+i-i (1 < i < k), in order to write it either as A = 
(A1A2 . • • Afc) or as (r^r^i . . . ri) (skipping "A" from the notation), by possibly 
adding a final string of zeros if £(X) < k. The Ai's or the r^'s are said to be 
the parts. Let A = (rfe...ri) G £<k- The symbol /(A) = (1 < i% < . . . < ik) 
associated to A is defined by ij = rj + j. Conversely, given any symbol I = (1 < 
i\ < ... < ik) one associates a partition A(/) 
The weight of a symbol is 



(r fe , . . . , ri), where r 3 = ij - j. 



wt(I) = |A(/)| = n + . .. + r fe = (*i - 1) + . . . + (i k - k) 



\I\ 



k(k - 1) 



where |7| = i\ + . . . + ik- When needed a partition A e £<k shall also be 
written as (0 m °l mi 2 m2 ...), where rrii — : Aj = i} is the multiplicity which 
the integer i occurs with in A. For instance, if A = (444311100), one may also 
write (0 2 1 3 3 1 4 3 ). The partition having k parts equal to n can hence be written 
as (n k ) instead of (n,n, . . . ,n). A positive integers shall be identified with a 
partition with just one part. The dual of a partition X = (rk, ■ ■ ■ ,r\) is the 



r/j). As in ^H], 5 k G C<k will stand for 



partition A v = (n — ri, n — T2 , 
the partition (fc — 1, k — 2, . . . , 0). 

Let A be a commutative ring with unit and let c : 1L — > A be a sequence. 
Set c-i = c(i). To any partition of lenght k, one may associate the element 
A^(c) e A 7 defined as: 



Aa(c) 



Cr 2 + 1 



Cri — k Crz—k+l 



Cr k + k-l 
Cr k +k-2 



(8) 



A multi- index of lenght fc is any point of N . Multindices can be partially 
ordered via the Bruhat order, by declaring that (i\, . . . ,ik) ^ {ji, ■ ■ ■ ,jk) if and 
only if i a < j a for each a G {1, . . . , k}. Similarly . . . -< . . . , if and 
only if (ii, . . . ,i]~) -< (J\, . . . and there is a G {1, . . ., k} such that i a < j a . 



G 



2.2 Symmetric Polynomials 

Let us recall some notation borrowed from [T^j. To each A € £<k one asso- 
ciates the following symmetric polynomials in the set of indeterminates X := 
(xi, ■ ■ .,x k ). 

1. The monomial symmetric functions m\(X) = "^2 xl ■. . .-x^ , summed 
over all distinct permutations T) of (Ai, .. . , Xk) (HS|, P- H); 

2. The complete symmetric polynomials h\(X) = h\ 1 (X) • . . . • h\ k (X), where 

3. The Schur polynomials: 

_ A x+ s{X) 
S ~ A i (X) 

where A5_(X) = n^O^ ~ ^j) i s the usual Vandermonde determinant 
(023, p. 23 ff.). 

In the sequel we shall need the following results: 

1. The polynomials s\, h\ and m\ are a Zi-basis of the symmetric polyno- 
mials in X.( 15 , pril, _ 15, 24) ~ 

2. The s\ are related with the hi via the determinantal formula: s\ — A\(h). 
In particular Si := S(j) = /ij for each i > 0, (15 , p. 25). 

2.3 (Quantum) Schubert Calculus 

Let G := Gk{V) be the grassmannian variety parametrizing /c-planes in a n 
dimensional vectorspace V . It is a smooth homogeneous variety and its Chow 
ring A*(G) is freely generated by the Schubert (co) cycles {o\ : A G £<k} defined 
by the equality: 

(7a n [G] = W\ £ A* (G) , (9) 

where W\ is the class modulo rational equivalence of a Schubert variety, to be 
defined below. Let 

E : V = E D EiD ...D E n = (0), (10) 

be any complete flag of V ( i = codimE'i). 

The flag l|5U|l induces a chain of inequalities: 

k = dim([A] n E ) > dim([A] n E x ) > . . . > dim([A] n E n ) = 0. 

One says that ij is a (£-) Schubert jump of [A] G G if and only if 

dim([A] nE ij _ 1 )> dim([A] n E. h ). 
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Since the dimension decreases stepwise no more than 1, there are exactly k 
jumps: 1 < i\ < . . . < ik < n. The sequence of the Schubert jumps of [A], 
JgQA]) = . . . ,if~), is said to be the Schubert symbol of [A] e G. The £- 
Schubert variety W\(£) is the closure in G of the Schubert cell 

Wx(£) = {[A] e G : I e ([A}) = (11) 

where /(A), the symbol associated to A (Cf. Sect I2.1|l . is equal to the Schubert 
symbol If ([A]). In the sequel wc shall also denote a Schubert cell as Wj meaning 
{[A] G G : If([A]) = I}, 

The class modulo rational equivalence of W\{£) (the closure in G of the £- 
Schubert cell) does not depend on the flag chosen, but only on A: it is said to be a 
Schubert cycle and shortly denoted by W \ . For any complete flag £ of V and any 
[A] 6 G there exists A e C<k such that [A] e W\{£): therefore the £ -Schubert 
varieties W\{£) form a cellular decomposition of G in the sense of [S], p. 23, 
Example 1.9.1. By the same reference, their classes modulo linear equivalence, 
W\, freely generate A*(G) over the integers. This explain formula 10 used to 
define the Schubert (co)cycles a\. 

If h 6 N, set an — (h, 0, . . . , 0), then a\ = ah- it is said to be a special 
Schubert (co)cycle (|S], p- 203). The presentation of the Chow ring of G is (see 
e.g. i, p. 293): 

A*{G)= Z lj> j (12) 

where Yi(a)'s are defined by the formal equality: 

1 



J2(-lYY t (a)f. (13) 



1 + ait + a 2 t 2 + . . . + a n -kt' 

2>0 

In particular, A*(G) is generated by the special Schubert cycles only. The aim 
of Schubert Calculus is to compute the structure constants {C^} of such an 
algebra: 

«xUa,= ]T Cy v _. (14) 
lid=IAI+H 

The structure constants {Cj^ \ can be algorithmically determined once one knew 
all the products ah U a\ and the shape of all the a\s as polynomial expressions 
in the special Schubert cycles. These are prescribed by the well known equalities 
inA*(G): 

1. Picri's formula (Cf. 6 , p. 271 ;0, p. 203): 

the sum extended over all fi such that fj,i > Ai > fi2 > A2 > . . . > /J-k > Aft 
and = |A| + h, and 
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2. Giambelli's formula (Cf. 0, p. 271; 0, p. 205): 



°"A fc _i 



CAj+fe-1 
CTAi+fe-2 



= A a (<t) 



(16) 



the product being the cwp product. 
These formulas also determine the structure of A*{G) as a module over A*(G); 
1. 



(a,, U ax) n [G] = ^ n (a A n [G]) = a h nWx = 2^ w t 



(17) 



the sum being over all [i such that \x\ > \\ > fi2 > A2 > ■ ■ ■ > fJ-k > ^k 
with = | A| + h, and 



2. 



W\ = Aa (c) n [G] . 



(18) 



In |22j . Witten puts a quantum product U q on A*(G) d>z %>[<l], making it into 
a commutative graded ring with unit (the fundamental class [G] of G), here 
shortly denoted as QA*(G). Such a quantum cup product is defined as: 

<r\ U 9 o-^ = C \ l A d )<l dcr ^ 
d>0 |ii|=|A|+H-nd 

where (d) is the number of maps / : P — ► G of de gree d such that 

/(0) G Wx(S), /(l) S W^T) and /(oo) e 1^(5), where £, T, Q are three 
flags in sufficiently general position. Let QA^iG) := j4»(G)®z^[?] be the 7L\q\- 
module generated by the Schubert cycles W M . Then QA^(G) is a module over 
QA*(G) via quantum cap product fl 9 , defined on generators by 



<J\ n q \G] 
cta n 9 vk m 



axH[G] = Wx 
(<taU 9 <t m ) n [G] 



and extended by -linearity. The presentation of the Quantum intersection 
ring QA*(G) has been computed by Witten and Siebert-Tian (|22 ] .|2T ] ): 



QA*(G) 



Z[g][cri, 



, Vn-k\ 



(Y k+l (a),...,Y n (a)-{-l) 



n — k—1 



<?) 



(19) 



where still Yi(a) are defined by the formal equality l|13l) but computed accord- 
ing to the quantum product. Therefore the structure constants {C^(d)} of 

QA* (G) are determined once one knows some quantum analogue of Pieri's and 
Giambelli's formula. Such formulas, listed below, have been found and proven 
by Bertram in [5] (see also [HJ for a simpler alternative proof): 
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1. Quantum Pieri's formula: 

<Jh U g a\ = (T h U cta + q ffy, (20) 

the sum over all /i such that /zi > Ai — 1 > [i 2 > X 2 — 1 > . . . > fik > 
Aa_, — 1 > 0, = |A| + h — n, and 

2. Quantum Giambelli's formula: 

a A =A A (a), (21) 
where Giambelli's determinant is now computed using the quantum cup product 

3 The Algebra of Schubert Calculus 

3.1 Hasse-Schmidt Derivations on Exterior Algebras 

Definition 3.1 Let f\M be the exterior algebra of a module over an integral 
domain A. A Hassc-Schmidt (HS-) derivation D t on [\M is an A-algebra ho- 
momorphism: 

D t : f\M > (/\ M) [[*]]. 

A Hasse-Schmidt derivation on f\ M determines, and is determined by, its 
coefficients Di : f \ M — > /\ M, defined via the equality 

D t a = A (a)t l , Va e f\ M. 

i>0 

Proposition 3.1 The endomorphisms Di satisfy (generalized) Leibniz's rule: 

D i (aAf3)= Yl D tl aAD l2 f3, (22) 
ii+i 2 = i 
k > 0,i 2 > 

Proof. Since D t is an A-algebra homomorphism, one has: 
D t (aAf3)=D t aAD t /3, Wa,f3e/\M. 

Therefore Di{a A (3) is the coefficient of t % in the expansion of D t (a A f3), which 
is also the coefficient of t % in the expansion of the wedge product 

(D a + D ia t + D 2 a t 2 + . . .) A (D /3 + Drf t + D 2 f3 1 2 + . . .), 

i.e. exactly the right hand side of eq. I)22[l. 
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QED 

In particular, Do is an algebra homomorphism and D\ a usual derivation: 

D (a A (3) = D (a) A D (/3), Di(a A (3) = D x a A (3 + a A Di/3. 

If D t = X)i>o ^j**' the sequence of the coefficients 

D := (D ,Di,D 2 ,...) 

of D t will be also said a ifS'-derivation and the Dj's will be also said to be the 
components of D. To denote a ifS'-derivation the symbols D and D t shall be 
used interchangeably. 

Definition 3.2 j4 H S -derivation D on f\M is said to be regular if Do G 
EndA(/\M) is an A- automorphism; a regular HS -derivation is normalized if 

D 0= id /\M- 

Proposition 3.2 Let HS t {f\M) be the set of all regular HS -derivations of 
f\M. Then HS t (f\M) is a group. 

Proof. First of all, if D u D' t G HS t (/\ M), one has: 

D t oD' t (aAf3) = D t (D' t (a A (3)) = D t (D' t (a) A D' t (f3)) = 

= D t (D' t (a)) A D t {D' t {[3)) = D t o D' t (a) A D t o D' t ((3), 

so that D t oD' t € HS t (/\ M). The composition o is obviously associative. The 
identity 1 := 1m of M belongs to HS t {f\M). Let E t be the formal inverse of 
D tl (i.e. D t o Et = E t o D t = id^ M ), existing by the regularity hypothesis on 
D t . One has: 

E t (a A 13) = E t (D t E t (a) A D t E t {f3)) - E t (D t (E t a A E t [3)) = 
= (E t D t )(E t a A E t f3) = (E t a A E t [3), 

i.e. E t G HS t (/\ M), and is obviously regular. QED 

If A — ► B is a ring homomorphism and D t is a HS derivation on f\ M , the 
£>-linear extension of D t to /\ M (gu B is a iJS*-derivation, too, denoted by the 
same symbol D tl abusing notation. 

3.2 Intersection Pairs 

Let M be a free module over a notherian integral domain A. Let D be a sequence 
(D ,Di, . . .) of pairwisc commuting A-cndomorphisms of M (DiDj = DjDi), 
said to be the components of D. It may also be represented as a homomorphism 
D t G EndA(M)[[t}], putting D t = ^2 i>0 E>it % : in this case we shall refer to the 
Dj's as to the components of D t . Let A\T] := A[Ti, T 2 , . . .] be the A-polynomial 
ring in infinitely many indeterminates, graded by declaring that deg(Ti) = i, and 
let A[D] be the commutative subring of EndA(M) generated by the Dj. Clearly 
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M is an A[Z?]-modulc. Let Ed '■ A[T] — > A[D] be the natural evaluation 
epimorphism, defined by Ed(P(T)) = P(D) ("evaluating Tj at D") for each 
P(T) G A[T}. If to € M, let P m : A[T] — ► M be the evaluation morphism 
£ m (P(T)) - Su(P(T)) • to = P(D) • m. 

Definition 3.3 TTie data (M, D t ) is said to be an A -intersection pair (A — TV) 
if there is to G M, said to be a fundamental element, such that E ma is an 
epimorphism. ATL — TV will be shortly said intersection pair. 

Obviously ker E mo = kerE D - Therefore A[T]/ ker(P mo ) = A[D] S M. The 
ring A*(M, D t ) := A[D] is said to be the intersection ring of the intersection 
pair (M,D t ). The isomorphism: 

II: A*(M,D t ) — > M 

P(D) i — > P{D) ■ too 

will be said to be the Poincare isomorphism, while the ring A[T]/ kei(E mo ) is 
the presentation of A[D]. Let A h (M, D t ) — A[D] h = E D (A[T] h ), where 

A[T] h = A ■ Tf 1 • . . . • T™" = A ■ Tx, (23) 

toi + 2to 2 . . . + hrrih = h \hi= h 

TOi > 

and Tx = T™ 1 ■ . . . ■ T™ h , having set A = (l mi . . . h mh ). Then A[D] induces a 
grading on M: 

M = M Mi © M 2 © . . . 

by setting M/j — A[D]h ■ m . A homogeneous element to G M/j is said to be of 
weight h. 

Proposition 3.3 Let (M, £) t ) 6e an A — TV and let A' be an A-algebra. Let D' 
be the A' -linear extension of D to M' = M® A A'. Then (M',D r ) is a A' -TV, 
having the same fundamental element as (M,D t ). Furthermore A*(M',D' t ) = 
A*(M, D t )® A A'. 

Proof. 

First of all M' is clearly a free A'-modulc. Any to' G M' is a finite linear 
A'-combination a! x m\ + . . . + a' h mh G M'. Then there exists G mi G A[T] such 
that TOj = G mi (D)mo, where mo is the fundamental element of the A — TV 
(M, D t ). Then G m > := a' 1 G mi + . . . + a' h G mh G A'[T] is a polynomial such that 
p£)(G m ') • to = to'. This proves that (M', D 1 ) is an A' —TV with fundamental 
element too G M - the fundamental element of (M, £>t). Clearly *4*(M, Dt) ®a 
A' M ®>i A' ^ M', so that A*(M',D') = A*(M,D t ) ® A A'. 

QED 

Let t = (ii, . . . , tfc) be a set of k indeterminates. Then, for each 1 < i < k — 1 
(M[[ti, . . . ti_i]], AJ is an A[[ti, . . . -TV, once A, = Ej>o D A has been 
extended to M[[i 1; . . . by A[[ti, . . . ^_i]]-linearity. 
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Therefore it makes sense to consider the composition 
D tl o...oD tk :M— ►M[[t 1 ,...,t fc ]] 

M — ^ M[[t k }} — > M[[t fc _i,t fc ]] — > ... — ► M[[*i,...,t fc ]] 

A fc D tk _ ± D tk _ 2 ... D tl 

Then: 

Lemma 3.1 The following formula holds: 

D tl o...oD tk = sx(T)Ax(D), (24) 

\ec< k 

where s\ (T) are the Schur symmetric polynomials defined in Sect. I H.l\ 
Proof. 

Make the substitution Di = hi(X), where hi(X) is the complete symmetric 
polynomial of degree i in k formal variables X — {x\, . . . , x k )- Then D ti can be 
expressed as: 

It follows that: 

£> tl o...oA, = ft TT^= E s a(T> a (X), ( 25 ) 

where last equality of formula l|25|) follows from identity (4.3) at p. 33 of |15| . 
But in the old variables, s\[X) is exactly the determinantal formula relating the 
s\ with the complete symmetric polynomials (see formula (3.4) of \R>\, P- 25), 
which are the D^s, i.e. exactly formula i|24|l . QED 

3.3 The Canonical Intersection Pair 

Let (M, D t ) be the data of 

1. an infinite free Z-module M = ©i>iZe l generated by (e^e 2 ,...) (each 
element of M is a finite free Z- linear combination of the e"s); 

2. a formal power series D t := J2i>o D{t l G Endz(M)[[t]] whose coefficients 
are the components of a sequence of endomorphisms 

D = (D ,D U D 2 ,...) (26) 

such that Do is the identity, D\ is the one-step shift operator, i.e. Di(e l ) — 
e i+1 , and A = D\. 
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Proposition 3.4 The pair (M, D t ) is an TV said to be canonical intersection 
pair, and its intersection ring is isomorphic to Z[Z?i]. 

Proof. Let M; = Z • e\ Then M = ©Mi and Dj : M — > M is a homogeneous 
endomorphism of degree j (DjMi C Mi + j). 

If En : Z[T] — > Endz(M) is the natural evaluation homomorphism got- 
ten by evaluating <p(T) 6 Z[T] at T % = D t (Sect. the image Z[£>] := 
Im(Eo) is a commutative subalgebra of Endz(M), because DiDj = DjDi. 
Let E e i : Z[T] — > M be the evaluation morphism sending </>(T) 6 Z[T] onto 
(/)(D)e 1 . Then 

£J £ i : Z[T] — ► M 

0(T) .— > 0(^)e 1 

is obviously surjective. In fact, for any m — a^e 11 + . . . + a.i j e lj , one has: 
E e i(a il T il ^i + ... + a^Ti^x) = (a^Ai-i + • • ■ + a^D^-^e 1 = m. 
Therefore M is isomorphic, as a Z-module, to the ring 

A*(M, D t ) :=-^S-. 

One easily checks that ker(i? e i) = (Ti — T{)i>x- Hence: 

A*(M, D t ) = Z ^ 1, J 2 -^ 3 ; = 1[Tx] = E D (Z[ Tl \) = 1[D X ]. 
(J 2 - - J-x,-- ■) 

QED 

3.4 Schubert Derivations 

Let k > 1. Given a canonical intersection pair (M,D t ) (Sect. l3~3^l let f\ M = 
ffife>o f\ M be the exterior algebra of the Z-module M. Denote by the same 
symbol the extension of Dt to all of Endz(/\ M)[[t}]. In such a way Dt turns 
into a TJS'-derivation on /\M, i.e.: 

D t (a A/3) = D t a A D t f3, \/a,[3ef\M. (27) 



Definition 3.4 The formal power series D t so obtained will be said Schubert 
derivation or, briefly, S -derivation. 

A iS-derivation is a normalized H S'-derivation. In fact, for each e 11 A ... A e %k , 

D Q {e 11 A . . . A e tk ) = D a e l1 A ... A D e lk = e 11 A . . . A e l " , 

because Z?o is the identity of M. Moreover, for i > 1, each Z?i satisfies 
the generalized Leibniz's rule, as explained in Sect. 13.11 The sequence D := 
(Do, D\, Z?2, . • •) of the coefficients of D t will also be called 5-derivation. 
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Proposition 3.5 The endomorphisms Di : /\ k M — ► /\ k M are pairwise com- 
muting. 

Proof. By induction on k. For k = 1 the claim is true by construction. Assume 
that the property holds for k — 1. Since any m € f\ k M is a finite sum of 
k vectors of the form a A /?, with a G M and f3 E A* 1 without loss of 
generality one may check the property for any m of this form. One has: 



D i D j (aA(3)=D i l ^ D h aAD h p\ = ^ ^ D^D^aAD^D^. 
\h+h=3 ) ii+t2=» ji+]2=j 

(28) 

By the inductive hypothesis, last member of equality (|28l) is equal to: 

D jl D il aAD h D i2 P = DA ^ D n a A A 2 /? j = D 3 -D^aAp). 

ji+32=j ii+i2=i \i\+i2=i / 

QED 

As a consequence the natural evaluation mor phism^D : Z[T] — > End z (/\ k M) 
maps Z[T] onto a commutative subring Z[D] of Endz(/\ M). 
As for more general TJS'-derivations on /\ M: 

Proposition 3.6 The "generalized" Leibniz's rule holds: 



h+hi a £ i2 + 'i2 a A € ik+hk 



D h (e 11 At' 2 A... Ae") = ^ e 

ft,! + . . . + hf. = h 
h,>0 

Proof. By induction on k. If k = 1 the property is obviously true. Now assume 
it holds for k — 1. Then 

ft 

i^.(e 11 A e 42 A ... A e ife ) = ^ e n+hl A D h _ hl (e t2 A ... A e ifc ). (29) 



/u=o 



By the inductive hypothesis: 



D h . hl (e i2 A... Ae 4fc ) = ^ e 



i2+?i2 A ^ e ik+h k 



h 2 + ... + h k =h-h 1 

Hence the right hand side of formula l|29|l turns into: 

D h (e 11 At 12 A... Ae lk ) = ^ e h+hl A . . . A e lk+hk . 

hx + ...+hk=h 



QED 
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Example 3.4.1 Let us compute D 2 {e 2 A e 3 A e 5 ) G A 3 M - One nas: 

D 2 (e 2 A e 3 A e 5 ) = D 2 e 2 A e 3 A e 5 + L> l£ 2 A L^e 3 A e 5 ) + e 2 A L» 2 (e 3 A e 5 ) = 

= e 4 A e 3 A e 5 + e 3 A (e 4 A e 5 + e 3 A e 6 ) + e 2 A (e 5 A e 5 + e 4 A e 6 + e 3 A e 7 ) = 

= e 4 A e 3 A e 5 + e 3 A e 4 A e 5 + e 3 A e 3 A e 6 + e 2 A e 5 A e 5 + e 2 A e 4 A e 6 + 
+e 2 A e 3 A e 7 = e 2 A e 4 A e 6 + e 2 A e 3 A e 7 , 

where last equality results from the vanishing of the terms having equal factors 
and to the cancelations due to skew-symmetry. 

Example 13.4.11 shows that computing 5-derivatives of A:- vectors is a straight- 
forward matter and that one has to care only about possible vanishing and 
cancelations. 

However, the practise of many examples naturally suggests the following: 

Proposition 3.7 Pieri's formula for iS-derivatives holds: 

D h (e 11 A . . . A e ik ) = ^ e jl A . . . A e 3 \ 

where the sum is over all i\ < ji < i 2 < 32 < ■ ■ ■ < ik < 3k, such that 
5J p =i 3p — h + 5Jp=i *p- 

Proof. Let / = (1 < ii < . . . < By Proposition 13. 61 one has: 

D h (e 11 A... Ae") = ^ e h+hl A . . . A e ik+h " . (30) 

hi + . . . + hk = h 

h,>0 

Now, each term such that i p + h p = i q + h qi for some 1 < p < q < k, vanishes, 
by skew-symmetry of the wedge product. Moreover, if in the expansion (|30() a 
term like 

e il+hl A ... A e i v +hv A ... A e iq+hq A ... A e lk+hk , (31) 

with 

i p + h p > i q + h q , (32) 

occurs, then, keeping the same hj for j ^ p,q in the other factors, it will also 
occur a term of the form 

e il+hl A ... A e ip+h 'p A ... A e i " +h '-' A ... A e lk+hk , (33) 

where h' p = (i q — i p ) + h q and h' = (i p — i q ) + h p . In fact h' p is obviously 
non negative, h' q > by virtue of inequality (|32(l and h' p + h q + Yljjtp q hj — 
hp + h q + J2j^ P ,q — h- Since i p + h' p = i q + h q and i q + h q = i p + h p , the 
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terms ()31[) and (|33[) occurring in the sum (|3(JI) cancel out, proving the claim. 
Therefore, in the sum (|30|l . only the summands with 

h < h + hi < 12 < 12 + h 2 < ■ ■ ■ < ik-x < ik-i + hk-i < ik < ik + h k 

survive. Putting J = . . . ,jk) = (i% + h%, . . . , ik + hk), one finally gets: 

D h (e 11 A...Ae") = ^e 3l A...A£ 3t , (34) 

where the sum is over all J such that i\ < j\ < i% < ji < . . . < %k < jk <ik + h 
and |J| = |7| + h QED 

As an application of Pieri's formula, one can observe that: 

Corollary 3.1 The following equality holds in /\ k M: 

D h (e* A e t+1 A ... A e l - 2+k A e^ 1+fe ) = e i A e 4+1 A ... A e l - 2+k A e i - 1+k+h . (35) 

Proof. 

Apply Proposition ^. 51 



D h {e l A e i+1 A ... A e l+k - 2 A e^* -1 ) = ^ e?' 1 



A ... A c 3 * 



with | J| = |/| + h and i < ji < t + 1 < j 2 < i + 2 < . . . < i + k - 2 < j k -\ < 
i + k — l < jk- Hence j v = i + p — 1 , for all 1 < p < k — 1 , and jk = i — 1 + k + h, 
as claimed. QED 

Theorem 3.1 Let A = (r^rfc-i . . . r\) G C<k- The morphism 

k 

E elA „_ Mk :Z[D}^ f\M 

is an epimorphism. In fact, Giambelli's formula holds: 

A A (£>)e 1 A . . . A e k = e 1+ri A ... A e k+r « (36) 

Proof. Let t := (ij., . . . , t*,) be a set of k indeterminates over Z. Then, by 
composition, one may define (see Section l3~2")l : 

k k 

D tl o..,oD tk : f\M — > f\M[[h,...,t k ]]. 

Clearly: 

(D tl o. . .oD tk )(e 1 A. . .Ae k ) = (D tl o. . .oAj^'jA- . -A(D tl o. . .oD tk )(e k ) (37) 
Applying to both sides of (|37|l . one has: 

sx(t)Ax(D)e 1 A...Ae k = ]T s\(t)A\(D)e 1 A . . .A £ s A (t) A A (£>)e fc 

(38) 
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The right hand side is equal to 



£ a ri (t) A ri (D)e 1 A . . . A ]T s r , (t)A r , (D)e fc 

ri>0 r fc >0 
ri>0 r k >0 

= E «A(t)-e 1+ri ^ A...Ae i+r ^, (39) 

last equality coming from a straightforward computation of an exterior product 
and the determinantal relationship between the complete symmetric polynomi- 
als hi(t) and the Schur symmetric polynomials s\(t) (Sect. 12.2(1 . 

Since (sx(t) : A G C<k) is a basis of the symmetric polynomials in the 
indeterminates t with integral coefficients, formula ijjffijl follows. QED 

3.5 The intersection ring of (/\ k M, D) 
3.5.1 Generalities 

As usual, denote by T the set of infinitely many indeterminates (!Z\, T 2 , T 3 , . . .). 

Corollary 3.2 The polynomials {Aa(T), X G V} are Wj-linearly independent. 

Proof. Suppose that J2xev a A^A(T) = is a non trivial linear dependence 
relation, where V' is a finite subset of V . Then there is k > 1, such that 
P' C £< fc and 

E a A A A (-D)e 1 A . . . A e fc = 0, 

which is impossible, because Aa(-D)c 1 A ... A e' = e 1+ri (A) a ... A e fc+rfc ^ are 
all linearly independent, being part of a basis of A M. QED 

Lemma 3.2 The subset A h (T) = {A A (T) : A G V h } C Z[T], is a Z-basis of 
Z[T] h . 

Proof. For any A G Vh, A>(T) is a unique Z-linear combination of T^'s, (fx G 
V h ): 

a a( t )= E W 

Then, since tt{A' l (T)} = ft-jT^ : /£ G Vh}, and all the A A G A h (D) are linearly 
independent, it follows that they freely span Q[T] h = Z[T] ?l (g) Z Q. In particular, 
for each p G Pt, T M is a unique Q-linear combination of A A (T) G A''(T): 

^ = E fe A t A AM (T). (40) 

A 

—ii- 
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We only need to show that the coefficients b\ 6 Z. But equality l|4U|) implies: 
E D (T E )e 1 A...Ae k = K E d{^ (T))e 1 A . . . A e k (41) 

The left hand side is a Z-linear combination of e n A ... A e Jfc equal to: 

El+ri(A ) fe+r fc (A ) 

6 A e + Va...A£ ^ . 
— M 

A^ 

By unicity, the coefficients b\ 's must be the same as those occurring in the 

expansion of the l.h.s. of (|41|) in terms of the e n A... At 1 ', i.e. they must be 
integers. QED 

Proposition 3.8 Let (f> <E Z[Ti, . . . ,T k ] C Z[T] suc/i i/iai 

^p 1 ,... ! ^)e 1 A...A£ fc = 0, 

i/ien = 0. 

Proof. Let cf> € Z[Ti, . . . , Tfe] be a homogeneous polynomial of degree h such 
that 4>{Dx, . . . , L» fc )e 1 A . . . A e k = 0. Since {A A (T) : |A| = h}, is a Z-basis of 
Z[T} h , then: 

0CTli . . . , T fc ) = J2 a A A A( T )- 

Ae-Ph 

Hence: 

- <j){D u D k )e l A . . . A e k = ^ a^A^e 1 A . . . A e fc , 

implying that all a A = 0, because A\(D)e 1 A . . . A e k are linearly independent. 

QED 

Given that ker(_E e i A ...ae*0 is a homogeneous ideal, the grading of Z[D] in- 
duces the codimension grading of 

A*(J\M, A) v 
the intersection ring of the pair (/\ fe M, Z?t), namely: 

A*{f\M 1 D t )^A°{f\M 1 D t )®A 1 {f\M,D t )®A 2 {f\M,D t )®... 

The codimension i submodule A i (/\ k M, Dt) of „4*(/\ fe M, Dt) is, by definition, 
the module generated by the classes modulo kcr(£? e i A ... Ae fc) of the monomials in 
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Tj[D\ of degree i, with respect to the grading \2ty . It turns out that /\ k M is a 
graded (by codimension) A*(/\ M,D) module, i.e.: 

/\M = Zffi (/\M)i © (/\M) 2 © . . . 

Clearly, (/\ k M)h is the (isomorphic) image of A h (/\ k M, D) through the eval- 
uation morphism: it is spanned by all the fc-vectors e n A ... A e lk such that 
Yj° =1 ij = 1 + 2 + . . . + k + h = k(k+l)/2+h, i.e. by all the fc- vectors e il A. . .Ae ik 

of weight h, where the weight of a /c- vector is, by definition, Ylj—^ (ij — j)- 
3.5.2 The Intersection Ring 

Lemma 3.3 Let E t be the inverse of the S-derivation D t (see Section }3.1)) . 
Then for all k > and all h > k, E^a = for all a G /\ M. 

Proof. The proof works by induction on k. The property is true for k = 1, 
because E 2 = D\ - D 2 = in M. Suppose it holds for k - 1. If a G A* M > by 
Theorem EH1 there is G Q G Z[T], such that G ce (£))e 1 A ... A t' = a. One may 
thence check the property for a = e 1 A . . . A e fc , since 

£h(a) = S h o G a (Dy A . . . A e fc = G a {D)E h {^ A ... A e fe ). 

Let /? = e 2 A . . . A e k . Then: 
fc-i 

^(e 1 A /3) = £ ^(e 1 ) A ^(/3) + ^(e 1 ) A E h ^(3 + e 1 A E h (f3) = 0, 

and this proves the claim. QED 
Let A*(/\ k M, D) be the intersection ring of A*" M. 

Proposition 3.9 The ring A*(/\ k M, D) is the polynomial ring Z[Z? 1; . . . , D k \. 

Proof. By Proposition ^. 81 D\, . . . , D k are algebraically independent. Now we 
shall show that D k +i (i > 1) is a Z-polynomial in D\, . . . , Dk- In fact, for each 
j > 0, relation E t D t — D t E t — 1 implies: 

D k+l - EtDk+i.x + ... + (-I)**" 1 E k+i _ 1 D 1 + {-l) k+i E k+i = 0. (42) 

Since E p is a polynomial expression in D\, . . . , _D p only, it follows that (for i = 1) 
Z?fc + i is a polynomial in £>!,... , £>/,., because = by Lemma l3~51 Suppose 

now that the property holds for all 1 < j < i — 1. Then formula (|42|) reads as: 

Z? fc+l = + . . . + (-l) fc+1 £ fc A, (43) 

because E k+i = for all i > 1; it follows that -D/c+i is a polynomial in 
Z?i, . . . , Dfc, by induction. As a conclusion: 

1 N \L>k+i — L>k+i{L>i, . . . , L>k))i>i 

QED 
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fc 

Remark 3.1 From now on, when working on /\ M, the notation for h > 
k, will stand for the polynomial expression in D±, . . . , Dk implicitly defined by 
formula JJSJ. 

Let D n M be the Z-submodule of M generated by (e™ +1 , e n+2 , . . . , ) and let 
/\ " if A D n M be the Z-submodule of /\ M generated by all the fc- vectors 
e h A ... A e lk with i k >n + l. 

Proposition 3.10 Let I — . . . , be a symbol (Sect. W/I\) and suppose that 

k-l 

A A(/) (D)e 1 A . . . A e fe = e H A . . . A e tfc G f\ M A D n M. 
Then A^/^D) belongs to the ideal ofZ[D] generated by (D n _^i, . . . ,D n ). 



Proof. If fc + rfc = ik > n + 1, one has: 



A 



Mi) 



D ri 

D ri -i 



D 



1-2 + 1 



D ri -k D r2 _k+1 



D rk + k-l 
A' fc + fe-2 

Dr. 



which proves, by expanding the determinant along last column, that G 

{D n -k+l , D n -k+2, • ■ ■)■ 

It suffices then to prove that for i > 1, D n +, G (-Dn-fc+i, D n -k+2, ... ,D n ) . 
Observe now that: 

71+1 fc 

i=i i=fc+i j'=i 

because Eh{D) = if h > fc. This proves that D n+ i_j G (D„, . . . , £>„_fc + i) and 
hence, by induction on i, that 

Z?„ +i G (D n , L» n _ fc+ i), V/i > n. 



QED 



4 More Intersection Pairs 

4.1 The intersection pair (l\ k (M/D n M),D?) 

Let (M, Dj) be the canonical intersection pair fSect. !5~5|) and let M n = M/D n M. 
It is a Z-module freely generated by e l +D n M, which, by abuse, will be indicated 
as (e 1 , . . . , e n ). The map D t : M — ► M[[t]] induces a map D t : M n — > M n [[t}} 
in a obvious way. 
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Proposition 4.1 For each k>\, (/\ k M n , D t ) is an XV. Its intersection ring 
is: 

A*{]\M n ,D)= ^'■■■> D *l 

Proof. In fact: 

' Af \ ... /\ k M 



A M » = A 



A fe 1 M A D n M 



n,M . /N ... 

Clearly there is an epimorphism U[D\ , . . . , Dk] — ► /\ M n gotten by composing 
the isomorphism 7L\D\. . . . , Dk] = f\ M with the canonical projection of /\ M 
onto /\ M n . We claim that: 

fc-i 

Dn-k+iie 11 A . . . A e ifc ) = mod /\ M A D n M. 

This is because (notation as in Sect. 12. if 

A.-fc+^e 11 A . . . A e ifc ) = A l -fc +! A A (/)(^)e 1 A . . . A e k = 
= A A (/ ) (L')A l -fe+ 4 e 1 A...Ae fe = (by Pieri' s formula) = 

k-l 

= A A(/) (L>)(e 1 A . . . e^" 1 A e" +J ') = mod f\ M A D n M, 

proving that jw^^^d ) sur j ec t s onto f\ k M n . There are no relations in 

degree less than n— k, because any such would also be a relation in A* (/\ k M, D), 
contradicting Proposition 13. 81 

Suppose there is a relation of degree n — k + l+j (j > 0), i.e. 

k-l 

4>(D lt D k y A . . . A e k £ /\ M A D n M. (44) 
By Lemma 13.21 such a 4> can be written in a unique way as: 
<p(Dx, ...,D k ) = ^2a ri! ... >rk A rh> ,„ tri (D), 
for some integers a ri ,...,r k - Equation 144|) is thence equivalent to: 

k-l 

J2ar 1 ...r k Ar k ,..., ri (D)e 1 A...Ae k = a ri ... rk e 1+ri A ... A e k+r " 6 f\ M A D n M. 

By Proposition each A( ri .... ri )(D) 6 {D n -k+\,D n -k+2,—,D n ) and 

hence 4>{D\, ... ,D k ) £ (D n - k +i, D n -k+2, —, D n ), too. QED 

Corollary 4.1 There is a canonical ring isomorphism 

k 

$:A*(/\M n ,D)^A*(G), 

where A*(G) is the Chow ring of 
G:=G k (V),dim(V)=n. 
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Proof. Let A* be the ring: 



= Z[D ll ...,D n _ k ] 
(Y k+1 (D),...,Y n (D)) 



where Yi(D)'s are implicitly defined by: 

1 



l + Dxt + ... + D n _ k t n - k 

We then show that A* = A*(/\ k M n , D t ). Suppose first that k <n - k. Then 
by the very definition of Ei one has that Yj(D) — Ej(D) for all 1 < j < n— k. 
Since E k+h (D) = for all h > 1, one has that Y k+1 (D) = ... = Y n - k (D) = 
is equivalent to say that -Dfc+i, . . . , Ai-fc can be expressed as a polynomial 
expression of D\ , . . . , D k only. Hence the ring A* is indeed isomorphic to 

Z[D 1 ,...,D k ] 



(y n _fc+i (£>),... ,y„(£>)) 

Now, by looking at the definition of the E^s and of the Yj,'s one sees that 

E n _ k+j (D) = {-l) n - k ^- l D n _ k+j + Y n _ k+j (D) Vj > 1 (45) 

But E n _ k+ j(D) = 0, for all j (because n — k > k), hence Y n _ k+ j(D) = 
D n - k +j = 0. Therefore .4* is indeed isomorphic to 

n 



(D n - k+ i, . . . , D n ) 



= A*(f\M n ,D t ). 



The case n — k < k can be verified by using the obvious isomorphism between 
/\ n k M n and /\ k M n . However we present a direct check. One has: 

Z[D 1 ,...,D n -k,D n - k+1 ,...,D k \ ^ Z[Di,...,D n _ fe ] 
(A-fe+i,---,A,A+i,---,AO ~ (D fe+ i,...,D n ) ' 

but, again, the polynomial expression of -Dfc+i, ■ ■ ■ , D n as a function of Di, D n _ k 
is precisely Yfc+i(£>), . . . , Y n (D), so that: 

A*{ h /\M n ,D t ) - Z^'-^n-*] 



(n+i (£)),..., K„(I>))" 



It is then clear that the map $ : *4*(A fe M, A) — > A*(G) defined by A ct,; 
is an isomorphism, because of the presentation (|12() . 

QED 



23 



4.2 (Small) Quantum Intersection Pair 

Let (M, D t ) be the canonical intersection pair and let M[£>„] := M ®z 2[D„], 
n > 1. The module M[Z3 n ] is nothing but M itself thought of as a Z [£)„]- 
module. It is a finitely generated free Z[D„]-module of rank n, generated by 
(e , . . . , e"). Denote by the same symbol the D„-linear extension of D t 

Proposition 4.2 The pair (M[D n ], D t ) is a 7L\D ^-intersection pair. Its in- 
tersection ring is: 

^(M [C „],A) = »1. W 

Proof. The natural evaluation map Z[Z?„][T] — > M[D n ] is clearly surjective, 
because M = Z[£>i]. It is only left to compute the intersection ring. One has 
that Di = D\. Hence it is generated by D\ only. Furthermore one has the 
relation D™ — D n , whence the claim QED 
By renaming D n with q, one may write 

np n M „ Z[g,£>!] „ Z[ g ,Di] 



(D n -D n ) (D n -D n ,D n -q) {D'l-qY 



„n-l 



Last expression is exactly that of the small quantum cohomology ring of P 
(see e.g. [7]), once D x is interpreted as the class of the hyperplane section. For 
this reason the pair (M[q\, D t ) shall be referred to as to the quantum canoni- 
cal intersection pair. Let us now extend D t to an iJS'-derivation on /\ k M[q], 
thought of as a Z[g]-module. Still one has: 

Proposition 4.3 For each 1 < k < n, (f\ M[D n ],D t ) is a Z[D n ] cohomolog- 
ical pair generated by e 1 A . . . A e k . 

Proof. It is sufficient to show that for each e 11 A ... A e lk there exists P(T) £ 
Z[D n ][T] suchthat-B r ,(P(T))e 1 A...Ae fc = e 4l A...Ae". This is a consequence 
of Giambelli's formula, because A\(D) S Z[D] = 1d[D n ][D]. In other words: 



k- 



( n A . . . A e lk = A\(D)e 1 A ... A e 

Proposition 4.4 The intersection ring of the 1i[D n ] — TP (M[D n ]),Dt) is 
given by 

Z[D n ][D u ...,D k ] 



A*(/\(M[D n ]),D t 



(Dn-k+l, ■ ■ ■ , D n -l) 



Proof. Clearly (D n ^k+i, ■ ■ ■ , D n -x) is contained in the ideal 1Z of relations. In 
fact one has, for 1 < i < k — 1 

Dn-k+ie 1 A . . . A e k = e 1 A ... A e^ 1 A e" +i = 
e 1 A ... A e fc_1 A D n e l = D^e 1 A ... A e 1 A ... A e fc_1 A e*) = 0, 

where the last vanishing is due to skew-symmetry. We contend that indeed IZ = 
(Dn-k+l, * * • j Dn). Wc first observe that over the integers there is no relation of 
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degree < n — k, because otherwise it would also be a relation in A*(/\ k M, D t ). 
Suppose that Z[£) n ]]T 1; . . . ,T k ] is such that ip(D)e 1 A ... A e k = and 

let /i = deg(V')- Denote by ip(D) the same ^ thought of as a polynomial with 
integral coefficients. If 

^(-D)e 1 A . . . A e k = 0, 

then necessarily ^(D)e 1 A . . . A e k e f\ k ^ M A D n M. It follows (Prop. EHUjl 
that $(D) £ (Dn-fe+i, • ... A.), that is y^e 1 A . . . A e k = x(D)D n e 1 A . . . A e fe , 
where \ is a Z-polynomial of degree h — n, such that ip(D)e 1 A . . . A e fe = 0. 
Hence, by repeating the argument, one would conclude the existence of a non 
zero relation over the integers of degree < n — k, and this is not possible, by 
Prop.EU QED 
By introducing a new indeterminate q, the intersection ring can be expressed 

as: 

l/Aj-fc+1) • • • , 1J n-l) Wn-k+l: ■ ■ ■ j U n-X-, u n — 1) 

Corollary 4.2 There is a canonical ring isomorphism 

k 

$ 9 :A'(/\Mn[q],D)—>QA'(G), 
where QA*(G) is the quantum Chow ring of G := GkiV), dim(y) = n. 
Proof. As in Corollary 14. II one starts by observing the isomorphism: 
Z[q,Di t ...,D n - k ] „ Z[q i D 1 ,...,D k ] 



(Y k+1 (D), . . . , Y n (D) - (A-fe+i, ■■■,D n -q) 



(47) 



By formula l|45l) and the fact that E^j^D) = for all j > 1, one has that 
{-l) h D h (D 1 , . . . ,D k ) = Y h (D) for all h > k + 1. In particular {-l) n D n = 
Y n (D) = (-l) n - k+1 q. It follows that the relation Y n (D) - (-l)""*-^ is 
equivalent to D n — (— l) k q. Therefore the isomorphism 1471) is gotten by 
q i— > (— l) fe_1 <7. The conclusion is that the morphism 

k 

■A*(/\M n [q],D) — ► $ g : QA*(G), 

sending Di i— > cr, and g i— > (— l) fc_1 g is an isomorphism, because of the presen- 
tation lj*H3|) . as claimed. 

QED 

Proposition 4.5 For eac/i 1 < h < k, Pieri's formula for quantum 5-derivatives 
holds: 

D h {e 11 A ... A e lk ) = ^V 1 A . . . A e>« + (-l)*" 1 ^^ A ... A e j '«, (48) 
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where the first sum is over all J — (ji, . . . ,jk) such that 

h < h < h < 32 < ■■ ■ < ik < 3k < n, \J\ = \I\ + h, 
and the second sum is over all J' — . . . ,j'u) such that \ J'\ = \I\ + h — n and 

1 < fl < 12 < j' 2 < is < ■ ■■ < ik-l < j'k-1 < 

Proof. 

First of all observe that if q m e l is written as e mn+t , then, for each 

1 < ix < . . . < ik < n 
one has, by Pieri's for 5-derivations: 

D h (e n A ... A e**) = ^ e ,;i+/l1 A ... A e lk+hk 
where the sum is over all non-negative (hi, . . . , hk) such that: 

h < h + hi < i 2 < «2 + h 2 < ■ ■ ■ < ik-i < h-i + hk-i < h < ik + h k . 
Last sum may be split as: 

53 e il+hl A ... A e ik+hk + J3 e il+hl A ... A e ik+hk (^h p = h) 

i k +h k <n i k +h k >n 

where in both cases ii + hi < . . . < ik + hk and Yl P =i — The second 
summand may hence be written as: 

y ' gii+'ii /\ ^ e ik + h k _ ^ ' e ii+hi ^ ^ e ik-i+hk-i ^ q e i k +h k -n 
i k +h k >n i k +h k >n 

= (-l) k - 1 q e" =+ ^"A...Ae , ' + ^A...A£ ,i - 1+ '"- 1 (49) 

i k +h k >n 

Now, if hk is such that ik — n + hk > ij + hj (2 < j < k — 2), there are h'j h' k such 
that hj + h' k = hj +hk, ik~n + h' k = ij + hj and ij + h'j = i^ — n + hk- It suffices 
to choose hj = ik — n + hk — ij and h' k = ij + hj +n — ik (obviously h'j > and 
h' k > since ik < n). It follows that in sum (|49ll each term corresponding to hk 
such that ik — n + hk > ij + hj cancel out against a term of the form: 

(-l) k ~ l qe ik+h ' k ~ n A e i2+ ' 12 A ... A e ij+h J A ... A e i "-^+ h "-\ 

Therefore, sum (I49|l is the same as: 

(-I)*" 1 ? 53 e" + ^"A...Ae , ' + '''A...A£ I '- 1+ '"- 1 , 

i k +h k >n 

such that ik + hk — n < ii + hi < i 2 + h 2 < ■ ■ ■ < ik-l + ^fe— l- Putting 
j[ = ik + hk — n and j' = i p + h p , one has exactly formula (|48() . 

QED 
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5 Geometry 



5.1 

The purpose of this concluding section is to show how (quantum) Schubert 
calculus for Grassmannians fits into the algebraic framework studied in the 
previous sections. Let G :— Gk(V) be the grassmannian of fc-planes in a n- 
dimensional vectorspace V over an algebraically closed field k. A fc-plane [A] is 
determined, modulo the natural action of the group GZfc(k), by a "column" 



A 



Vl 



G V* 



of linearly independent vectors Mj G V. If a 6 V y , set: 

/ a(vi) 



a(A) 



G k fc . 



\a(v k ) i 

Therefore, if (e<) is a basis of V and (e J ) its dual: 

fe\ Vl ) e\ Vl ) 
(e 1 ,..., e ")(A) = ( £ 1 (A), e 2 (A),..., e "(A))= : : 

V\v k ) e\v k ) 

Similarly: 



e n (viY 
e n («fc). 



e' 1 A ... A e lfc (A) = e 11 (A) A ... A e l " (A) 



e^( Vl ) ... e*»(« fc ) 



For each symbol J = (ii, . . . (see Sect. 12.10 with 1 < ix < i% < ■ ■ . < ik < n, 
there is an open set of the grassmannian 

Gi :={[A] G G,e n A...Ae"(A) ^ 0}. 

The definition does not depend on the particular representative of [A]. If [A] G 
Gi, then [A] = [A/] where: 

A / = ( e 4l (A),...,e lfc (A))~ 1 A. 

If [A] G Gi n Gj, then A/ = m/jAj, where 

TO/J = (e* 1 (A), . . . , ^ (A))" 1 • (e^ 1 (A), . . . , ^ (A)) G Gl k (k). 

Clearly mn — id k k, and niu ■ ttljk = "miK- The rank k vector bundle gotten 
by gluing all the products Gi x k fc via the m/j, is the tautological bundle T. 
It sits into the universal exact sequence: 







0, 
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where Q is the universal quotient bundle. The bundle T can be also described 
as the set of pairs ([A],u) 6 G x C™ such that t> € [A]. Any linear form a 6 V v 
can be seen then as a map of vector bundles: 

a : T — >O g . 

Similarly, any fc-tuple at±, . . . , a% G T v induces a map 

eci A . . . A ojfc : A k T — > O g , 

i.e. a global section of the bundle O g (1) := A fe ^" v - Clearly, ff°(G,0 G (l)) 
A fc y v , generated by the global sections le 11 A . . . A e lk ), , . _ . „ ^. , . The 
map 

: G — > P(A fe ^ v ) SP(*) _1 

1 [A] > [e*! A.-.A^tAJlK^...^ 

is the well known Pliicker embedding and the e n A ... A e lfc are the Plucker 
coordinates. We shall see in a moment how Schubert varieties can be written 
in terms of Plucker coordinates. 

5.2 

Let 

£ : V = E D E 1 D . . . D E n = (0) (50) 

be a complete flag of V, such that codimi^i = i. Let (ei,...,e„) be an £- 
adpated basis, that is: Ei = span{ei+i, . . . , e n }. In terms of the dual basis: 
E° = sparoje 1 , . . . , e 1 }, where E° C V y is the annihilator of 

Proposition 5.1 TTie following formula holds: 

dimQA] n ^) = fe - rk^fA), . . . , e l (A)). 

Proof. Let (e^) be an ^-adapted basis of V and let (e J ) be the dual. Clearly 
[A] n i?j is the locus of vectors v S [A] such that e x (v) = .. . = e*(v) = 0. The 
number of independent equations is the codimension of [A] n E i} which is hence 
the rank of the matrix (e 1 , . . . , e i )(A). QED 
The chain of inequalities (|2.3|> may be thence written as: 

< rk(e 1 (A)) < rk(e 1 (A),e 2 (A)) < ... < rk^A), e 2 (A), . . . , e"(A)) = k, 

indicating that rk(e 1 (A), . . . , e h (A)) is equal to the numbers of jumps < h. 
This simple observation gives us a useful characterization of a Schubert symbol, 
namely that /([A]) = (ij, ■ ■ ■ , ik) if and only if: 

ii = min{/i > 1 : e h (A) ^ 0} and 

ij = min [h > ij-i : e* 1 (A) A ... A e 1 ^ 1 (A) A e /l (A) ^ 0} (1< j < k). 

(51) 

The latter can be refined into the following: 
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Proposition 5.2 



J([A]) = (»i,..., ifc) 



e»A...Ae Jt (A) = 0, V(ji,. 
e 11 A ... A e lfc (A) ^ 



,j*H^([A]) 

(52) 



Proof. If /([A]) = (it, . . . ,i k ), one already knows that e* 1 A ... A e 4fc (A) ^ 0. 
Suppose now that (ji, ■ ■ ■ ,jk) ~< (hi ■ ■ ■ ,ik) such that e-? 1 A ... A e Jfc ^ 0. Let 
ft, the least integer > 1 such that jh < ih- Then e 11 A ... A e" 1 - 1 A e 3 ' 1 7^ 0, 
contradicting the minimality of i^. This proves one implication. 

On the other hand, suppose that equations are fulfilled. First of all let 
us show that i\ is the first Schubert jump. Suppose that e jl (A) 7^ for j\ < i\. 
Since rk(e 1 , . . . , e* 2 ) > 2, there would exist j 2 < ii such that e n A e h (A) ^ 0. 
Suppose to have constructed (j'2, . . . ,ji-i) ^ (*2, ■ • ■ , ii— 1) such that 

e n A ... A e" -1 (A) ^0. 

Then, since for all ft > 0, rk(e , . . . ,e n ) > I, there exists ji < i\ such that 

e n A . . . A e^- 1 A e 3i 7^ 0, 

proving the existence of . . . , jk) ~< ■ ■ ■ , ik) such that eP 1 A. . .Ae"° ([A]) / 0, 
against the hypothesis. Therefore i\ is the first Schubert jump. Now, suppose 
that i\, . . . , ii-i are the first I — 1 Schubert jumps; suppose there is z;_i < ji < ii 
such that (e* 1 A ... A e*'- 1 A e J '){[A]) + 0. Then, since rk(e\ . . . , e l '+ h ) >l + h 
(h = I, ... ,k — I), there exists ji + h < ii + h such that 



A . 



A e*'" 1 A e jl A e J,+1 A ... A e jk ([A]) ^ 0, 



still contradicting the hypothesis. 

We proved that equations (|52|l are rank conditions of any matrix 



QED 



A = 



.v fc . 



representing the fc-plane [A]. In terms of an ^-adapted basis (e^), such a [A] is 
represented by the matrix: 



A/ = 







Vo 



1 * 






* * 
1 * 





* * 

* * 

1 * 



(53) 



'1 



1 2 



showing that the set of all fc-planes having (ii, 
an affinc cell of codimension (i\ — 1) + . . . + (ik 



■ ,ik) as Schubert symbol, is 
k). 
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The Schubert cycle [Wa(/)(^)] will b e denoted, from now on, by the symbol: 
[e 11 A . . . A e 4fc ] meaning with such a notation the class in A*(G) of the closure 
of the £ -Schubert cell defined by equations (|52|) . Let Af v be the integral lattice 
of V v generated by the e l . Then there is a Z- linear map: 

[ ]:/\M v — A.(G) 

defined by 

a il ... ik e«A...Ae i *^ £ o i ,.,J e i 'A...Ae i ']. (54) 

l<ii <. . . < ifc <n l<zi < . . .<2^ <n 

This map would be an isomorphism were A*(G) torsion free, namely were [e 11 A 
. . . A e 4fc ] a Z-basis for A*(G). This is well known ([5], p. 27 and the references 
therein). However we can provide, within our formalism, a new proof of this 
fact. 

Proposition 5.3 The classes [e n A... At 1 *] freely generate A*{G). 
Proof. 

The map (154(1 can be extended by A*(/\ k M, £>t)-linearity by defining 

P{D)[e 11 A . . . A e ik ] = [P(D)e 11 A . . . A e 1 "]. 

If degP{D) = j, P{D)A l {X) C Ai^{X). This shows that any P{D) E 
AP(/\ M v , D) corresponds to a class in A J (G). Observe now that if [e 41 A 
...Ae 1 '] e Ai(G) then D^ 1 A . . . A e ik ] E A i ^ 1 (G) and it is a Z-linear combi- 
nation of [e-? 1 A...Ae 3t ] E Ai_i(G) with positive coefficients. This follows from 
the equality Z?i[e 11 A... Ae 1 '] = [-Di(e n A...Ae")] and by Pieri's formula for 
S-derivatives (Trop. l4~5|l applied to this special case, and the morphism (|54l . 

Suppose now [e n A ...Ae 1 '] E A*(G) is such that a[e 11 A...Ae"] = in 
A*(G), for some ^ a e Z. Then: 

= D k(n - k) -^ l ? a [ e n A ... A e**] = a6[e"- fe+1 A ... A e n ] 
for some positive integer fe. In fact 

£>?"~ fc) ~ E *M| A |(G) = A fc(n _ fe) (G) - Z • [e- fc+1 A ... A e"], 

where [e™ _fc+1 A. . .Ae™] is the class of the point. Therefore ab[e n ~ k+1 A. . .Ae™] = 
if and only if ab = 0, i.e. only if a = 0, contradicting the assumption. It follows 
that A*{G) is a torsion free Z- module, hence free P- 147). QED 

Proposition 5.4 Giambelli's formula holds: 

[e 1+ri A ... A € k+r «] = A A ( J D)[e 1 A... Ae'], 

where A = (r/c . . . r\). 
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Proof. In fact: 

[e 1+ri A ... A e k+rk ] = [A\(D)e 1 A . . . A e k ] = A^D)^ 1 A . . . A e k ] 

QED 

One concludes that A\{D) G A*(G) is the Poincare dual of [e 1+ri A ... A 
e k+Tk ]. As remarked, the ring A*(/\ k M, D t ) is isomorphic, as a Z-module, to 
A*(G). The isomorphism Q q (Cf. Corollarv l4.2f> sends A\(D) onto cta and gives 
to A*{G) another structure of A*(/\ k Af v , £>t)-module, namely: 

D h * [e 11 A ... A e lk ] =a h n [e 11 A ... A e ik ]. 

We contend that: 

D h {e l1 A ... A e lk ] =a h C\ [e l1 A ... A e lfc ]. 

Theorem 5.1 The two A* (f\ k M v , D) -module structures of A*(G) coincide, 
i.e. 

D^ 1 A ... A e lfc ] = 07^ [e^ 1 A ... A e lk ]. 
Proof. By Pieri's formula for S -derivatives (Prop.^3J, one has: 

D h [e k A...Ae ik ] = ^ [e jl A . . . A e Jfc ], 

ii < ii < • • • < ik < jk 
\J\ = \I\ + h 

where J = (ji, . . . , j k ), I = (h, . . -,ik), \ J\ = J2 p Jp and 1^1 = E p V Hence, in 
terms of it's, one has: 

D h [^ A...Ae lk ] = £ a jk - k ,... jW n [e 1 A . . . A e k ] 

ii < jl <«2 < h < ■ ■ ■ <ik < jk 

<7 ii n[e 1 A...Ae fc ], (55) 

Ai > fj.i > . . . > \ k > fj. k 

H = I AI + h 

having set /ij = ik-i+i —(k — i + T) and Ai = ik-i+i — (k — i + 1). Furthermore, 
by Pieri's formula (|15() : 

(r E n [e 1 A . . . A e k ] = (a h U a\) n [e 1 A . . . A e k ] = 

Ai > /ji > . . . > \h > ju* 

ImI = IAI + 'i 

= cr h n (cr A n [e 1 A . . . A e fc ]) = a h D [e l1 A . . . A e tk ]. (56) 

Therefore the first member of (|55|l is equal to the second member of l|56|) . as 
claimed. 

QED 

We may hence conclude that Schubert Calculus for grassmannians is entirely 
encoded by the algebra of the intersection pair (/\ k M v ,D t ) = /\ k (M v , D t ), 
where (M v ,D t ) is the canonical TP. 
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5.3 Quantum Schubert Calculus 

Bv CorollarvOlthere is an isomorphism $ g : A*(M[q],D) — > QA*(G), denned 
by Di i — > and q i— * (— l) k ~ 1 q. As for "classical" Schubert calculus, this 
isomorphism extends to an isomorphism of modules: 

axD q [e h A... Ae"] = $ q (Ax(D)[e h A . . . A e ifc ]). 

This can be achieved by observing that by Bertram-Pieri's formulas: 

a h n g [e 11 A ... A e ife ] = (<7 h U q ax) (~] q [e 1 A . . . A e fc ] = a h U a\ + a^, 

where the sum is extended to all 

Ai - 1 > Mi > A 2 - 1 > • • • > \ k - 1 > Mfc > 

such that \v\ = \fj,\ + h — n. On the other hand, by quantum Pieri's formula for 
Schubert derivations one has: 

fc-i 

Dh^ 1 A. . . Ae lfc ] = Dji[e !l A. . .Ae'^mod f\ M AD n M ^ e 71 A . . .Ae Jfe 
where the sum is extended to all 

1 < ji < H < h < ii < ■ ■ ■ < jk-i < h-i < jk < h with \J\ = \I\ + h - n. 
Now let n = (j k - k > . . . > ji - 1 > 0). Then: 

ik-k> j k -k> i k -i — (k — 1) > jk-i - (k - 1) > . . . > ii - 1 > ji - 1 > 0, 
i.e. 

Ai - 1 > Mi > A 2 - 1 > . . . > X k - 1 > Mfc > 

Moreover: 

\ t \ = \J\-^^- = \I\-^^- + h-n = \X\ + h-n, 
proving the claim. 

QED 

It follows that the algebra of quantum Schubert calculus is described by the 
intersection pair (f\ k M^[q], D q ). In particular: 

Corollary 5.1 Any ax can be expressed, via the quantum cup product, as a 
polynomial in the ai 's with no q-correction. 

Proof. 

o~x n [G] = *< [e* 1 A ... A e lfc ]) = %(Ax(D)[e l A ... A e fe ]) = A A (a) n [G]. 
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5.4 Examples 

Here are some computational examples to better show how our algebraic ma- 
chinery works. 

5.4.1 Example 

This is the example of the introduction. 

(<ri U 9 <7 2 ,i) D [G] = a x n q (<7 2 ,i n [G]) = o x n q [e 2 A e 3 ] = ^(Dxle 2 A e 3 ]) = 
= ^([e 3 A e 4 ] - qle 1 A e 2 ]) = a 2 . 2 + qa . 

5.4.2 Example 

The iterate of D\ : f\ M — > /\ M satisfies the following formula, which can be 
checked by induction: 

m f \ 

D? (a A p) = ]T 7 ) D * a A Dm ~^- 
i=o ^ 1 ' 

Therefore, on /\ 2 M: 

D^e 1 Ae 2 ) + D 4 M = e 5 A e 2 + 4e 4 A e 3 + 6e 3 A e 4 + 4e 2 A e 5 + e 1 A e 6 = 
= 2e 3 Ae 4 + 3e 2 Ae 5 + e 1 Ae 6 . 

Reading the result in /\ 2 M[£>4] one has: 

2e 3 A e 4 + 3e 2 A e 5 + e 1 A e 6 = 2e 3 A e 4 + 2g(e 2 A e 1 ) 

having set q := P4. The corresponding expression in quantum Schubert calculus 
of Gi(P c 3 ) is: 

Ol U g (Tl (7l U ? (Tl = 2<7 2 ,2 + 2<7(7cb 

(the first member is meaningful by associativity a non trivial result!) Hence, 
there are 2 lines meeting 4 lines t\ , . . . , £4 in general position in P 3 and 2 rational 
maps / : (P 1 ,P 1 ,P 2 ,P 3 ,P 4 ) — > d(P J ) (P's fixed and pairwise distincts) of 
degree 1 such that /(P;) n ^ ^ 0. 
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